AY2025 Spring GCI199-1 Independent Study in GC Program
“Set Theory and Topology”

On Cantor’s Theorem and Cantor’s Diagonal Argument
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Cantor’s Theorem
For any set X,
| X] < [2%].

The general proof for the part of the theorem,
there is no injection from 2% to X, (1)

is as follows.
[Proof of (1)]

Assume there exists an injection f : 2% — X. (2)
Define a set A € 2% (i.e. A C X) by
A={rw)|Ue2¥, f(U)¢ U} (3)

1. The case f(A) ¢ A.
By definition of A, f(A) satisfies the condition to be an element in A. Thus,

f(A) € A.

This is a contradiction.

2. The case f(A) € A.
By definition of A, there exists U € 2% such that

f(A)=fU), and f(U)¢U.



Since f is injective, A = U, and hence
f(A) ¢ A

This is a contradiction.

This proof is literally Cantor’s diagonal argument itself, and it generalizes the “visualized by a concrete

example” form of the diagonal argument used to prove the famous result
bijection f: N —[0,1] does not exist.

Below, assume a bijection
f:2N 5N

exists, and observe how the general proof above corresponds to the “visualized by a concrete example” form of

Cantor’s diagonal argument (we are not proving anything here; we are merely examining the correspondence).

As a concrete example, suppose f is the following mapping (with i = f(U;), i € N, U; € 2V). In the figure
below, the element of N appears on the left of each arrow and the element of 2% on the right. On the far

right, we use the usual binary-indicator notation: the nth digit is 1 if n € U;, and 0 otherwise:

ieN U; e 2N 0elU; 1eU; 2€U; 3€U; 4€eU;
0 — Ug={ 1,2, 4,...} = 0 1 1 0 1
1« U =1{0,1, 3,4,...} = 1 1 0 1 1
2« Uy={0, 3,4,...} = 1 0 0 1 1
3 o« Us={ 1,2, 4,...} = 0 1 1 0 1
4 }o= 1 0 1 1 1

Us={0, 2,3,4,...

For this specific case, the set A € 2V defined by Definition (3) is exactly the collection of those natural
numbers ¢ = f(U;) (with ¢ € N) for which i = f(U;) ¢ U;. Equivalently, it consists of all the entries on the



left whose ith digit in the binary-indicator notation is 0 (the ones shown in blue):

ieN U, e2N 0eU; 1eU; 2¢U; 3e¢U; 4eU;
0 « U={ 1,2 4,..} = 0 1 1 0 1
1« U ={01, 3,4,..} = 1 0 1 1
2« Upy={0, 3,4,..} = 1 0 0 1 1
3« Us={ 1,2, 4,..} = 0 1 0 1
4« U ={0, 2,3,4,..} = 1 0 1 1

A={0, 2,3, ...} = 1 0 1 1 0

AUy  A#U, A4U, A#4U; A£U,
(F0€A) (+1¢A) (2€A) (~3€A) (-4¢A)

Therefore, although A € 2V, we have
A#U; foreveryieN,

and hence no bijection f can exist. In constructing A, one can visually see that we are building the element of
2N corresponding to the real in [0, 1] whose binary digits along the diagonal have been flipped (from 0 to 1 or
vice versa). However, when one actually identifies this with a real number, one must remember that positional

representations are not unique (for example, in decimal 1 = 0.999999.. ., and in binary 1 = 0.111111....)
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Bkl LT, f BDUATRDEIRESTHZE 55 (i = f(Uy), i €N, U; € 2Y). REIDLEMD N DIt, 1l
BN DILERLTED, HAEHX, X H2 X512, BHTOEED, ZONHD U, e 2N IE&FN TR 1,
EFNTVWARITNE0 L TE3RLICLTWS:

N DI (i) 2N DT (U;) 0€U; 1€U; 2€U; 3€U; 4€U;
0 “ Up={ 1,2, 4,..} = 0 1 1 0 1
1 ~ U, ={0,1, 3,4,..} = 1 1 0 1 1
2 “ Uy={0, 34,..} = 1 0 0 1 1
3 “ Us={ 1,2, 4,..} = 0 1 1 0 1
4 - b= 1 0 1 1 1

Us={0, 2,3,4,...

AR LT, ER (6) K-> TEDOLNS Ac 2V, UTOELD N DIt i = f(U;) (i € N) DS B,
i=f(U;) ¢ U ZRILT, 028 i iIHICRRIN TV, BLFDODDDAEZITRTAUDELATH 5:

N DI (i) 2N DT (U;) 0eU; 1eU; 2¢U; 3eU; 4 € U;
0 “ Up={ 1,2, 4,..} = 0 1 1 0 1
1 — U ={0,1, 3,4,...} = 1 0 1
2 “ Uy={0, 3,4,..} = 1 0 0 1 1
3 “ Us={ 1,2, 4,..} = 0 1 1 0 1
4 “ b= 1 0 1 1

Us={0, 2,3,4,...

A={0, 2,3, ...} = 1 0 1 1 0
A+Uy A#U, A4Us A#U;s A#Uy
(F0€d) (~1¢A) (-2€A) (-3€A) (-4¢A4)
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